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Abstract. Solutions to reflection quantum Knizhnik-Zamolodchikov equa- 
tions are constructed as bilateral sums involving "off-shell" Bethe vectors in 
case when the reflection matrix is diagonal and only the 2-dimensional repre- 
sentation of U q (s\2) is involved. We also consider their rational and classical 
degenerations. 



1. Introduction 

Let us start with a short historical outline of events which led to the reflection 
quantum Knizhnik-Zamolodchikov (qKZ) equations. 

1.1. Integrable systems with reflecting boundary conditions. The integra- 
bility of classical and quantum field theories in 1 + 1-dimensional space time is 
sensitive to boundary conditions. A model which is integrable for periodic bound- 
ary conditions may not be integrable for Dirichlet or other boundary conditions. 
Integrability of classical and quantum field theories is intrinsically related to the 
Yang-Baxter equation and related algebraic structures. Integrable boundary condi- 
tions have been studied in the late '70s and early '80s (see references in 40J). Cor- 
responding algebraic structures were outlined by Cherednik [5] where he introduced 
the reflection equation and constructed some of its solutions, and in Sklyanin's work 
[40] where he constructed a family of integrable spin chains with the diagonal re- 
flection matrices from [5] . In the same paper [ID] Sklyanin constructed eigenvectors 
and eigenvalues of the corresponding transfer matrix. 

Another important relevant development was Cardy's work on boundary con- 
formal field theories [B] where he described boundary conditions in conformal field 
theories which would retain conformal symmetry. 

After these initial successes the study of integrable boundary conditions con- 
tinued and took new heights with many important developments happened in the 
90s. 

In the paper [3SJ vertex operators for quantum affine sfo were used to construct 
correlation functions. One of the results was the observation that matrix elements of 
vertex operators with respect to boundary states satisfy a reflection qKZ equation 
from [7]. As a result solutions corresponding to the level one representation of 
quantum affine sl 2 were described explicitly. For the latest developments in this 
direction see [1SJ ■ See also [3U] for an overview of various results on reflection qKZ 
equations, vertex operators and construction of solutions to the reflection qKZ using 
the realization of vertex operators by a Beisenberg algebra (bosonization). 

Integrable boundary conditions for quantum field theories in the context of fac- 
torized scattering were studied in [24] and [13] . One of the important results of this 
is the relation between integrable quantum field theories with reflecting boundary 
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conditions and boundary conformal field theories. In a similar way the integrabil- 
ity of line defects was studied in [14] . A comprehensive analysis of form factors in 
integrable field theories with reflecting boundary conditions was done in [3]. 

Another interesting development was the relation between combinatorial prob- 
lems such as alternating sign matrices and enumeration of plane partitions. It 
appears that polynomial solutions to the reflection qKZ equation play an impor- 
tant role there [15] . In the same paper all relevant polynomial solutions to the 
reflection qKZ equation were constructed. 

1.2. qKZ equations and their solutions. The Knizhnik-Zamolodchikov (KZ) 
equations were discovered in [29] as a system of differential equations which defines 
conformal blocks in the Wess-Zumino-Witten conformal field theory. A represen- 
tation theoretical interpretation of KZ equations as differential equations for inter- 
twiners between certain representation of affine Kac-Moody algebras was given in 

m 

Examples of quantum KZ (qKZ) equations first appeared in works of Smirnov 
[41] as fundamental equations for form-factors in integrable quantum field theories. 
In [22] these equations were derived from representation theory of quantum affine 
algebras. 

Solutions to KZ equations can be found by various methods. The represen- 
tation theoretical interpretation of KZ equations gives a natural construction of 
solutions as matrix elements of vertex operators. These matrix elements can be 
computed using various convenient realizations of highest weights representations 
of corresponding affine Lie algebras. Wakimoto type representations, also known as 
bosonic realizations, are particularly important. These representations are infinite 
dimensional versions of the action of the Lie algebra on sections of a line bundle over 
the flag variety G/B, i.e. of the Borel-Weil-Bott constructions, see [21] for details. 
Bosonic realizations give integral formulae for solutions to Knizhnik-Zamolodchikov 
equations. For detailed analysis of these integral formulae and for references see 
[39] . For details on how these integral formulae are related to representation theory 
see [17] and references therein. 

These integral realizations involve " off-shell" Bethe vectors for Gaudin integrable 
systems [T| 137] . Similar construction of solutions to the qKZ equations involving 
Bethe vectors for the corresponding spin chains and Jackson integrals was found in 
[34] for quantum affine sl2- It was immediately generalized to quantum affine sl n 
in [44]. It is natural to expect that similar constructions exist for all simple Lie 
algebras and that they are particularly simple for classical Lie algebras for which 
Bethe vectors were constructed in [35] [36] . However it seems that this has not been 
done yet. In this paper we construct solutions of the reflection qKZ equations using 
off-shell Bethe vectors [JD] for the corresponding spin chain with reflecting boundary 
conditions for diagonal boundary matrices and for two-dimensional representations 
of quantum sl%. We discuss generalizations in the Conclusion. 

1.3. Cherednik's reflection qKZ equations. Root system generalizations of 
the classical and quantum KZ equations were constructed by Cherednik [101 [7J. 
It depends on a so called classical or quantum i?-matrix datum, which can be 
associated to an arbitrary affine root system. If the underlying affine root sys- 
tem is of type A then Cherednik's [7J qKZ equations contain the Smirnov-Frenkel- 
Reshetikhin [41] [22] qKZ equations as special cases. Reflection qKZ equations 
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§5] are Cherednik's qKZ equations associated to affine root systems of type B,C 
and D. 

Representations of affine Hecke algebras produce quantum affine i?-matrices 
[11]. The double affine Hecke algebra plays an important role in this proce- 
dure. In case of principal series representations, the solutions of the associated 
qKZ equations are in one-to-one correspondence with suitable classes of common 
eigenfunctions of Macdonald (/-difference operators [11] [321 [42]. This correspon- 
dence explains the role of the Macdonald theory in the construction of polynomial 
solutions of qKZ equations in the context of the Razumov-Stroganov conjectures, 
cf., e.g., [331 EH W\- 

Cherednik's theory relates to spin chains when the quantum affine i?-matrix 
datum consists of linear operators on W\ <S> ■ ■ ■ ® Wn for suitable vector spaces Wi 
and the bulk i?-matrices are given in terms of solutions R lJ (x) € End(Wi €5 Wj) 
(* 7^ j) °f the quantum Yang-Baxter equations 

(1.1) R l3 \x)R lk {x + y)R 3k {y) = R 3k {y)R lk {x + y)R l3 \x) 

as linear operators on Wi £g> Wj ® Wk- The spin-^ XXZ chain corresponds to 
Wi — C 2 with R lJ (x) the i?-matrix obtained from the two-dimensional evaluation 
representation of quantum sl 2 ■ This i?-matrix also arises from a finite Hecke algebra 
(of type Ajv-i) action on (C 2 )®^. 

This action can be extended to an affine Hecke algebra action on (C 2 )® N in 
various ways, thus leading to various extensions of the bulk i?-matrices to a full 
quantum affine i?-matrix datum. For instance, it can be extended to an action of 
the affine Hecke algebra of type Cn, turning (£ 2 )® N into a principal series module. 
In this case the associated quantum affine i?-matrix datum is determined by the 
i?-matrix and two non-diagonal solutions of the associated reflection equation (so 
called _ftT-matrices). It provides a link between reflection qKZ equations associated 
to the spin-i XXZ chain with non-diagonal reflecting boundary conditions and 
Koornwinder polynomials, see |27j . 

In this paper we construct solutions of the reflection qKZ equations when the 
quantum i?-matrix datum of affine type Cjv is constructed from the i?-matrix of 
the spin-i XXZ or XXX chain and the if- matrices are taken to be Cherednik's [8] 
diagonal solutions of the associated reflection equations. As far as we know the 
corresponding quantum affine i?-matrix datum does not arise from an action of the 
affine Hecke algebra of type Cat on (C 2 )® N . 

1.4. The reflection qKZ equations. We formulate the reflection qKZ equations 
§5] in case the quantum affine i?-matrix datum arises from a single i?-matrix 
R(x) and two if-matrices K ± (x). We thus assume that R(x) is a linear operator on 
W (g) W depending meromorphically onieC satisfying the quantum Yang-Baxter 
equation 

(1.2) R 12 (x)R 13 (x + y)R 23 (y) = R 2 3(y)Ris(x + y)Ru(x) 

as linear operators on W® 3 , where we use the well known leg notation for linear 
operators acting on tensor product spaces. The K ziz (x) are linear operators on W 
depending meromorphically on x G C and satisfying the reflection equations 

Ri2{x - y)K+(x)R 21 {x + y)K+(y) = K+(y)R 12 {x + y)K+(x)R 21 (x - y), 

R21 (x - y)K^ (x)R 12 (x + y)Kz (y) = {y)R 21 (x + y)K^ {x)R 12 (x - y) 
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as linear operators on W <£> W. We define for r — 1, . . . ,N transport matrices 
A r (t;r) as the linear operators 

A r (t; t ) :=R rr +i (t r — + t) — Rrjf(t r — tjv + t) 



xiT J f(t r + -)i? iVr (tjv+tr)----Rrflr-(ir+l+*r) 

(1.4) 2 

xi? r _i r (i, — i + i r ) • • ■ R\ r (ti + t r )K r (t r ) 
xR r \(t r — ii) • • • R rr —\(t r — t r — i) 

on V^®^, depending meromorphically on t e C^. The reflection qKZ equations 
are the following compatible system of difference equations 

(1.5) /(t + re r ) = A r (t;r)/(t), 1 < r < TV 

with step-size r € C x , where /(t) is a '"-valued meromorphic function in t = 
(ti, . . . , f/v) € C" and e r is the r-th standard basis vector in C". 

1.5. The main result. We found the following formula for solutions to the re- 
flection qKZ equations (|1.5p when W = C 2 , R(x) is the i?-matrix of the spin-1 
XXZ or XXX chain, and the if- matrices K ± {x) are taken to be Cherednik's [5] 
diagonal solutions (x) of the associated reflection equations (|1.3I) , which have 
an additional degree of freedom ^gC (see Section [2]). This R- matrix R(x) is P- 
symmetric, i?2i(x) = R{x), hence the two reflection equations (|1.3[) are the same. 
Let B [x; t) be the suitably rescaled and normalized upper-right matrix ele- 



ment of the reflection quantum monodromy operator (see section [272]) and assume 
that (a:), h(x) and F(x) are meromorphic functions in x £ C satisfying the 

functional equations 

, , x Kj- -x- mu - g- j- j) , , 

^(x + r) = ^ + T y + ^ (x), 
0(2)0(2; + r — ry) 



6(g + r-§) 
6(x + r + f)- 

where either b(x) = Asinh(^x) (XXZ spin chain case) or b(x) = Xx (XXX spin 
chain case) for some A, v 6 C x . Let (e+,e_) be the standard basis of C 2 . Fix 
generic Xo € C and suppose that the (C 2 ) ^ -valued sum 

M 

/Af(t) := (j[9t+,6-( x i))( II h(xi + Xj)h(xi - Xj)J 



x£x +tZ m i=l !<«<i<M 

TV A/ M 



(n n f ^ + - ^ (n ^~ *) 

r— 1 i—1 i—l 



converges mero-uniformly in t G C . Then /m is a meromorphic solution of the 
reflection qKZ equations (11.51) . 

We will describe the functions (x), h(x) and -F (x) explicitly (up to a dou- 

bly periodic function) in terms of g-Gamma functions (XXZ spin chain case) and 
Gamma functions (XXX spin chain case) respectively. We will also give an explicit 
parameter domain for which the bilateral series mero-uniformly converge. 



REFLECTION QUANTUM KZ EQUATIONS AND BETHE VECTORS 



5 



1.6. The outline of the paper. In Section[2]we recall the definition of the spin-^ 
XXX and XXZ chain i?-matrices, fix uniform notations and recall the definition of 
the diagonal reflection matrices and the basic operations of the R- and if -matrices. 
In the same section we recall the definition of monodromy operators and reflection 
monodromy operators and Sklyanin's |40j construction of the Bethe vectors which 
produce the eigenvalues and eigenvectors of the reflection transfer operators. In 
Section [3] we formulate the reflection qKZ equations and describe the main results 
in detail. We also discuss in Section [3] the simple special case that the i?-matrix 
is the identity operator, in which case the solutions are related to well known 
bilateral sum evaluation formulas (Bailey's 2 (yil'a summation formula for the XXZ 
spin chain and Dougall's [IS] 5H5 summation formula for the XXX spin chain). 
In Section 2] algebraic properties of the reflection monodromy operators, essential 
for the proof of the main result, are derived. The proof of the main theorem is 
given in Section [3] In the conclusion we outline some open problems and the work 
in progress. In Appendix [7] we analyse reflection KZ equations, obtained as the 
formal r — > limit of the reflection qKZ equations, and derive explicit integral 
solutions. 

1.7. Acknowledgements. We are grateful to J.-S. Caux, P. Di Francesco, R. Ke- 
dem, B. Nienhuis, E. Opdam, M. Schlosser, F. Smirnov and P. Zinn- Justin for 
stimulating discussions. The work of N. R. was supported by the NSF grant DMS- 
0901431 and by the Chern-Simons research grant. He is grateful for the hospitality 
at QGM during December 2012 and January 2013 when a large part of this paper 
was completed. The work of B.V. was supported by a NWO free competition grant. 
J.S. and B.V. thank the University of California for hospitality. 

2. R- AND if -MATRICES AND THE REFLECTION MONODROMY OPERATOR 

2.1. R- and if-matrices. Let (e + ,e_) be a fixed ordered basis of C 2 . We rep- 
resent linear operators on C 2 by 2 x 2-matrices with respect to (e+,e_), and lin- 
ear operators on C 2 (8 C 2 by 4 x 4-matrices with respect to the ordered basis 
(e+ <£> e + , e + <g> e_, e_ <g> e + , e_ <£> e_) of C 2 <§> C 2 . For a given nonzero meromorphic 
function b in one variable set 

[b(x + T}) \ 

b(x) b{rf) 
6(77) b(x) 
\ b{x + r/)J 

We view R(x; rf) as a linear operator on C 2 <g> C 2 depending meromorphically on 
the variables x and 77. We use the standard tensor leg notation for linear operators 
on tensor product spaces. 

Lemma 2.1. Let b be a nonzero meromorphic function in one variable. The fol- 
lowing two statements are equivalent: 

a. b satisfies the functional equation 

(2.2) b{x)b{n) + b(x + y + n)b(y) = b{y + n)b{x + y) 

as meromorphic functions in the variables x,y,n. 

b. R(x; rf) satisfies the quantum Yang-Baxter equation 

(2.3) Ri2(x; f])R 13 (x + y; n)R 2 3(y; rj) = #23(2/; v)Ri3(x + 2/5 n)Ri2{x; rf) 



(2.1) R(x;r,): ' 



b(x + n) 
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as linear operators on C 2 ® C 2 (E> C 2 depending meromorphically on x, y, r/, 
with the tensor legs labelled by 1, 2, 3 from left to right. 

We fix from now on a nonzero meromorphic function b in one variable satisfying 
the functional equation (|2.2|) . Then either b(x) — Xx for some A £ C x or b(x) — 
Asinh(ra) for some A, v £ C x (cf., e.g., [5]). The associated i?-matrix R{x;rf) is, 
up to normalization, either the i?-matrix associated to the spin-i XXX chain or 
the R- matrix associated to the spin-i XXZ chain. 

The solution R(x; rf) of the quantum Yang-Baxter equation has the following 
properties. 

• Regularity: R(0; rf) = P, where P is the permutation operator on C 2 ® C 2 
defined by P(v ® w) = w ® v (v, w £ C 2 ). 

• Unitarity: R(x; rj)R{— x; rf) = id; this motivates our choice of normalization. 

• P-symmetry: R 2 i(x;rf) := PR 12 (x] rf)P — Ri2{x\ -q). 

• T-symmetry: R{x\rf) T = R(x;i]). 

• Crossing symmetry: 

(2.4) B$(-x;v) = J x _ f i^Mx-mv)^, 

where a v = ( ^— ^ J and T r indicates the (partial) transpose in 



-1 
the tensor leg labelled by r. 

For the given i?-matrix (|2.1j) . a K- matrix is a 2 x 2-matrix K(x) depending 
meromorphically on x £ C which satisfies the reflection equation 

Ri 2 (x - y; ri)K 1 (x)R 12 (x + y; rf)K 2 {y) = 

= K 2 (y)R 12 (x + y; T])K 1 (x)R 12 (x - y; n) 

as operator-valued meromorphic functions in the variables x, y, rj. In this paper we 
focus on diagonal nonsingular if-matrices. Upon normalization we may and will 
restrict to K(x) of the form 



(2.6) K{x) 



1 

a(x) 



for a suitable nonzero meromorphic function a(x) in x £ C 

It is easy to check that the 2 x 2-matrix K(x) satisfies the reflection equation 
([23]) if and only if 



(2.7) b(x + y)(a(x) - a{y)) = b(x - y)(a(x)a(y) - 1) 

as meromorphic functions in x and y. Note that the condition (|2.7[) is independent 
of rj. We readily obtain 



Lemma 2.2. Suppose b is a nonzero meromorphic function satisfying (|2.2p . Let 
a be a nonzero meromorphic function. Then the following is a complete list of 
solutions of (|2.7p . 

a. a = ±1. 

b - a ( a; ) = m+l] fo r some € e c - 

c. a(x) — e ±2 " x if b(x) = Asinh(ra) for some A,/i £ C x . 
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We take a(x) — gfef] in the sequel (the other solutions are special cases or 
limit cases), and we treat £ as an additional free parameter in the theory. The 
corresponding X-matrix 

'l \ 



K £ (x) := 



goes back to jS]- 

Note that the identity (|2.7p capturing the fact that (x) satisfies the reflection 
equation (|2.5p becomes 

(2.8) ]T b(e 1 y-e 2 xW + e 2 y)b(£ + e 1 x)=0. 

ei,eae{±} 

Since 6(x) is an odd function, (12.81) is equivalent to 

(2.9) V ei£2 ^ + ^)&(g + e 2 ,) =a 

The diagonal if-matrix K^{x) satisfies the reflection crossing symmetry 

(,!„> ^(^. + ,,^(2.)) . M^0L Ki{x} , 

where Tri is the partial trace over the first tensor component of C 2 g) C 2 . In fact, 
(I2.10p follows from the identity 

(2.11) b(£ + x)b(x -z) + b(£ - x)b{x + z) = b(£ - z)b(2x), 

which is a direct consequence of the fundamental identity (|2.2I) . The reflection 
crossing symmetry (|2.10[) coincides with the boundary reflection crossing in [24j 
(3.35)]. Note furthermore that the conditions (|2.8[) and (|2.9|) capturing the reflection 
equation are consequences of (|2.1ip . 

2.2. Monodromy operators. Let Sn be the symmetric group in N letters. Set 
V := (C 2 )* 5 andt := (ti,...,t N ). For w G Sn define the linear operator T w (x; t) 
onC 2 ®V by 

T w {x;t) := R , w (i)(x - t w ( 1) ) ■ ■ ■ Rq iW (n)(x - t w ( N )) = f^^^j D^}(x-t)) 

(from now on copies of the auxiliary space C 2 will always be labelled by O's). The 
matrix coefficients are linear operators on V, obtained by representing T w (x;t) as 
2 x 2-matrix with respect to the ordered basis (e+,e_) of the auxiliary space C 2 . 
Note that 

(2.12) A w {x;t)Q = Sl, D w (x;t)Q = (j[ J^"*^ J " 

r— 1 ^ r ' 

with the pseudo-vacuum vector 

(2.13) n := ef N e V. 

The monodromy operator is T(x; t) := T e (x; t) with e € Sn the neutral element. 
We will also use the notations A(x;t) = A e (x;t), . . . ,D(x;t) = D e (x\t) (the de- 
pendence on N is implicitly captured by the number of rapidities, t = (ti, . . . , fjv))- 
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Note that for N = 1, 



(2.14) 




A(.r.l)= j n ;„., ; , ) . B(x\t) = ( b(ri) 

\b(x-t+ri) 

/ b(x-t) 

C(x;t) = [ " 6(»-t-H?) ] , D(x;t) = I Kx-t+v) 



The operators T w (x;t) satisfy the fundamental commutation relations 

(2.15) Rqo'(x - y)T wfi (x;t)T wfi ,(y;t) = T w> o> (y; t)T Wt o(x; t)i? o' (% - y) 

as linear operators on C 2 ® C 2 <g> V (with the first and second tensor leg labelled 
by and 0', respectively). Here T w ^(x; t) is acting on the first and third tensor leg 
and T w fii(x\t) on the second and third tensor leg. 
We set for w G Sn, 

Ui(x;t) := T^tr'Kfay^oi-x^) = (^t) p|(x;t)) 

as linear operator on C 2 <E)V. Then U^(x; t) := U^(x; t) is the reflection monodromy 
operator [JD] associated to the if -matrix K*. The operators U^(x;t) satisfy the 
fundamental commutation relations 

Roo'(y ~ x)Ui fi (x;t)Roo'(-x - y)Ui t0 ,(y;t) = 

(z.ib) 

= u wfl< (y; tj-^oo' [-X - y)ui {x\ t)i?oo' (y - x) 

as linear operators on C 2 ® C 2 <E> V. 

3. The reflection quantum KZ equations and its solutions 

3.1. The reflection quantum KZ equations. Recall from the introduction that 
Cherednik's [7] reflection quantum KZ equations with step-size t G C x associated 
to our particular choice i?(s) = R(x;rj) 7 K ± (x) — K^ ± (x) of initial data (£± G C) 
are defined as 

(3.1) /(t + Te r )=A-(t;£ + ,£_;r)/(t), r=l,...,iV 

for V^-valued meromorphic functions /(t) in t G C , with the transport operator 
j4r(t; £+, £- ! r ) the linear operator on V = (C 2 ) defined by 

^rCt^+J £-! T ) = -Rrr+l(^r - U+l + t) ■ ■ ■ RrN^r ~ t N + t) 

X K!*+ (t r + ^-)R N r{tN + tr) ■ ■ ■ Rr+lr{U+l + t r ) 

(3.2) 2 

x R r _x r (t r -i +t r ) ■ ■ ■ R lr (h + t r )K^- (t r ) 

x R r i(t r — ^) ■ ■ • R r r —\(t r — t r —\). 



The compatibility of the difference equations (|3 . 1 1) follows from the consistency 
conditions 

(3.3) A r (t + re s ; f + , £_ ; r) A, (t ; , ; r) = A s (t + re r ; r) A r (t; £+, £_ ; r) 

of the transport operators (r, s = 1, . . . , N). Note that the pseudo- vacuum vector 
f2 is a constant solution of the reflection quantum KZ equations (|3.ip . 
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3.2. The formulation of the main result. Set for w G Sn, 

* (x- 1) - rfr 6(g - tr -2h ^zfzi^ gt ( , + 5. t) 

V w {x,t). {[± b{x _ tr + ^) b(2x + V ) ^ x+ 2 ,h 

By the commutation relations (|2.16l) for the reflection monodromy operator we have 
[Bl(x;t),Bl(y;t)] = 0, hence also 

[Bt(x;t)X(y;t)] = o. 

Set for M G Z>i and x = (jcx, . . . ,xm), 

M 

Bl* (M) (x;t) :=n^(^;t) 

i=l 

and write 6 C (a;;t) = 2^(ar;t) and B UM) (x; t) = ef' (M) (x; t). 

This renormalization of B^(x; t) is motivated by the symmetries of the repeated 
actions of B^(-;t) on the pseudo- vacuum vector f2, to be discussed in detail in 
Section |H 

We use the following notion of mero-uniformly convergent sums (cf. [38]). We 
formulate it here for scalar- valued functions; the extension to V- valued functions is 
obvious. 

Definition 3.1. Let C C C M be a discrete subset and u>(x;t) fx 6 C) a weight 
function with values depending meromorphically on t G C . Suppose that for 
all to G C , there exists an open neighbourhood Ut C of to and a nonzero 
holomorphic function vt on Ut such that 

(1) vt (t)iu(x; t) is holomorphic in t G Ut for all x G C, 

(2) the sum X^xec Vt o (t)w(x; t) is absolutely and uniformly convergent for t G 
Then there exists a unique meromorphic function /(t) in t G C N satisfying 



t't, 



o(t)/(t) = ^Ut (tMx;t) 



xec 



for t G C/t and to G C N . We will write 

/(t) = 5>(x;t) 
xec 

and we will say that the sum converges mero-uniformly. 

The following main result of the paper is the analogue of [34j Thm. 1.4] to 
the setup of the reflection quantum KZ equations. Given a meromorphic function 
h : C — > C we use the shorthand notation h{x ± y) := h(x + y)h{x — y). 

Theorem 3.2. Let G C and let g^ + ^_, h and F be meromorphic functions 

in one variable satisfying the functional equations 

5 ^- (X + T) ^ b(^ + X + T-?i m++ X + l-Z) 9 ^ X) > 

o(x)o(x + t — ?7j 



&0 



IP 



o(x + r + 



10 NICOLAI RESHETIKHIN, JASPER STOKMAN, BART VLAAR 

Fix xo G C M and suppose that the V -valued sum 

M 

/ M (t) : = e (n hK n M^±»i)) 

x£x +tZ m i=l l<i<i<M 

AT M 



x 

r— 1 i— 1 

converges mero-uniformly in t € C w . XTien /m is a meromorphic solution of the 
reflection quantum KZ equations (|3.ip . i.e. 

/ M (t + re r ) - A r (t; £+, r)/ M (t), r = 1, . . . , N, 

The proof of Theorem 13.21 is given in Section [5] 

3.3. The special case M = 1 and 77 = 0. Since 0) = ideate 2 the reflection 
quantum KZ equations (|3.1I) reduce for 77 = to the decoupled set of difference 
equations 

(3.4) P=°(t + re r ) = (t r + ~) X«- (i r )f =°(t), r = 1, . . . , N. 
In view of Theorem 13.21 we take a meromorphic function g^~°^ satisfying 

(x I r) K ^ ~ X ~ h) a"=° (x) 

9 6+>e _ [x + r)- ^_ + x + +x+ ^g^_ [X) 

(note that we can take h = 1 = F for 77 = 0) and we consider the resulting sum 

/r°(t):= E 9l;° s _(x)^-r^-(x-,t)n\ v=0 . 



Provided mero- uniform convergence, Theorem 13.21 claims that it should satisfy the 
?7 = reduction (|3.4p of the reflection quantum KZ equations (13. ip . Since 

(3.5) — B fot)n|^ = gj£ 6(-e,-M e+ W ^ e + 
by Corollary 14.31 (t) decouples as 



N 



/r°(t)=E^^+^-K ( ® e 

r=l 

with 

(3-6) H(t;^-):= E E fb^C°>)- 

Hence /^ _0 (t) is a solution of the 77 = reduction (|3.4p of the reflection quantum 
KZ equations if and only if 

(3.7) g(t + ^g + ,g_) = ^z|^Zlz|) g(f;ef , C _ ) 

for the bilateral sum -ff (t; £+, £_). We now detail the proof of (|3.7p . which illustrates 
nicely the subtleties also occurring in the general proof of Theorem 13.21 

The affine Weyl group W of type A\ is the Coxeter group with generators 70, 71 
and relations 70 = e = 7J. Let W act on C by 70 (t) = —t + t and 71 (t) = — t. 
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Note that (7071 )(t) = t + t. Let {Cw }wew be the VF-cocycle of meromorphic 
functions on C characterized by the properties (u, v € W), 

Ct>*-(t) = 1, CtJ-(t) = Ct>t-(t)Ct>t-(u-% 

b(Z+-t+l) ,* + ,*_™ _&(£-+*) 

T > 

2 - 



70 [ ) 6(€+ + t-5)' 71 l j 6(C_ - 1) ' 



The cocycle {C4 + '^ }«>ew gives rise to a twisted W-action on the space of mero- 
morphic functions on C by 

(w f)(t):=Ct^-(t)f(w-H), weW. 

Lemma 3.3. Provided mero-uniform convergence, £?(•; £+, £_) is W ■ -invariant. 

Proof. It suffices to prove the 71 -and 70 -invariance of if (i; £+, £_), which are the 
respective statements 

+ *) 



(3 - 8) 



Observe that 

eb(£-ex) _ b(£ + t)b{2x) 



(3-9) E 



, - t) 6(i±i) 

due to the reflection crossing symmetry identity (|2.1Ij) . It follows that 

(3.10) H(* 5 ef,f-) = 6(e-+*) E JSyCK-)' 

which immediately implies the 71 -invariance of ii(<; 

To prove the 70 -invariance of H(t; £+, £_) we write if(t; £+, £-) = L+(t) — L-(t) 
with 

and we replace in the expression of L + (t) the summation variable xby x — t. Using 
the functional equation satisfied by gj~ ^ we obtain 

and consequently 
with 

1) := &(i - x)&(£+ + x - ^) + 6(r - at - t)b(£+ -x+~)- 
By the reflection crossing symmetry identity (|2.11[) we have 
Z(t;x) =b(£ + -t+^)b(T-2x), 
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hence 

x£x +rl 

which immediately implies the 70-invariance of £+,£_). □ 



. , , . , . . t. v-^ bit- + x)b(T — 2x) n —n , . 



Lemma 13.31 implies 

H(t + r; £+, £_) = # ( 7 o7ii; = C*+'*- (t)- 1 ^- fri*)"^ (*! 

which is p.7p . Note that in the proof of Lemma HOI we only have used that b(x) is a 
nonzero meromorphic function in x G C satisfying the reflection crossing symmetry 
identity (|2~TTT) . 

Note that the difference equation (|3.7[) is equivalent to 

while Lemma 13.31 is the stronger statement that both sides of p. lip are equal to 
i? Note that (|3.1ip is equivalent to 



The general proof of Theorem 13.21 amounts to establishing a much more involved 
version of (|3.12[) . 

Remark 3.4. For arbitrary M > 1 it is easy to show that 

1 72< M V *M ( TT +*™J 6 ( 2a; »(r-))\ - 

(x;t)|„ =0 = 2J £ 11 



with the summation over subsets m = {rajjij of {1, . . . ../V} of cardinality M, with 
a m := % a m s ' ' ' °m M ! an< ^ with cr~ := ^ . It leads to the explicit expression 

/r°(t) = E ( E nw^v « 

m \wESm r=l / 

from which it now directly follows that it satisfies the associated 77 = reduction 



/£-°(t + re r ) - ^ + , r (t r + ^)^ £ _,r(^)/^ (t), r = 1, . . . , AT 
of the reflection quantum KZ equations (|3.ip . 

3.4. XXX spin-i chain case. In this subsection we make Theorem 13.21 concrete 
for the initial data b(x) = x related to the XXX spin-i chain case. By rescaling 
the summation variable we may and will assume throughout this subsection that 
t = -1. 
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Solutions g£ + ,£_,h and F of the resulting functional relations can be given in 
terms of Gamma functions, 



h{x) 
F(x) 



r(.x + e--§)r(a: + e + + ^-l) 

r(x - e_ + 1 + 2)r(i - e+ + 1 + f) 

a;r(a; — 77) 

r(x + 1 + 7/) ' 
r(z + f) 



r(x-f)' 

The resulting V- valued hypergeometric sum 

M 

fu(t):= ]T (II'/: ^ fo))( II Kxi± Xj , 



(j[l[F(t r ±x i ))^-' m (x;t)Q 



x€x +Z M i=l l<i<j<M 

V il/ 

x 

X =li=l 

for generic xo G C M converges mero-uniformly in t 6 if > and 
(3.13) 5R(2e + + 2e-+2(A^-l)??) < 0. 

In fact, the reflection Bethe vector ' M (x; t)Q is mero-uniformly bounded (with 



the obvious notion of mero- uniform boundedness) . This follows from (|4.4p and the 
fact that b{x)B(x; t) is mero-uniformly bounded for a; e io + Z (generic ceo). By 
Stirling's asymptotic formula for the Gamma function, the factors h(xi ± Xj) are 
bounded since 3^(77) > 0. Applying Stirling's formula to the remaining factors of 
the summands leads to the convergency condition (|3.13[) . 

Hence, under these assumptions on the parameters, the hypergeometric sum 
/jw(t) is a meromorphic solution of the associated rational reflection quantum KZ 
equations (|3.1|) by Theorem 13.21 

For M — 1 and 77 = and the associated bilateral sum H(t; is 

T(a; + £_ + m)r(x + £+ + § + m) (£_ + t)(ac Q + m) 



E 



_ r(x - £_ + m + l)r(x - £+ + 5 + m) (a; + t + m)(x -t + m) 

(f 

= -2- 



(f_+t)a;o r(x +e-)r(a; +C+ + i) 



(xo + t)(xo - t) T{x Q - c_ + i)r(x - £+ + i) 

5 5 \ Xq Xq + t + 1 £0 — i + 1 Xq — £- + 1 ^O — £+ + 5 ' 

in view of (|3.10p , where we use the standard notation for bilateral hypergeometric 
series. This bilateral sum is convergent for 5i(2£ + + 2£_ — 1) < 0. The slightly larger 
convergency domain compared to /i (t) comes from the fact that the reflection Bethe 
wave vector at 7] = decays at infinity if b(x) = x, see (|3.5[) and (|3.9|) . 

By Dougall's [TB] 5H5 summation formula (see [U (2.3)] for the summation for- 
mula in the present notations), 

(£_ + t)T(x ± t)r(l - x ± i) 



=cst 



r(-e_ + i±t)r(-e+ + |±t) 
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with est independent of t, from which the difference equation (|3.7|) with r = — f 
can be alternatively derived using the functional equation F(x + 1) = xT(x) of the 
Gamma function. 

3.5. XXZ spin-i chain case. In this subsection we make Theorem 13.21 concrete 
for the initial data b(x) = sinh(a;) related to the XXZ spin-^ chain case. We set 
q := e T and we assume throughout this subsection that 3?(t) < 0, so that \q\ < 1. 

Solutions <?£ + .f_ , h and F of the resulting functional relations can now be given 
in terms of g-Gamma functions or, equivalently, in terms of g-shifted factorials 

oo 

Moo -IB 1 

i=0 

We write (xi, , , . ,x s ; qj :— Yii=i ipi'i 9)00 f° r products of g-shifted factorials. As 
solutions of the functional equations we take 



(e^e 2 ^-?-), qe^e^-M; g 2 ) c 



h(x) = e-^(l~e 2 *)- 



F(x) = e 



a. (g 2 e 2a =+";g 2 ) 



' 'DC' 



n[]f(^±^))^ ,(M) (x;t)fl 



The resulting V- valued basic hypergeometric sum 

M 

/M(t):= X (n^+,€- (»*))( II h(xi± Xj ) 

x6x +tZ m i=l l<i<j<M 

N M 

«( 

r—1 i—1 

converges mero-uniformly in t € C w for generic Xo € C M if Jft(r) < 0, 3? (77) > 
and 

5ft(2£ + + 2£_ + 2(JV - + t) < 0. 

Under these assumptions, the basic hypergeometric sum Jm{^) is a meromorphic 
solution of the associated trigonometric reflection quantum KZ equations (|3.ip by 
Theorem O 

For M = 1 and 77 = the associated bilateral sum H(t; (see (|3.10p ) is 

(e 4 * - 1) 



ff(t^ + ^_)=8inh(C_+t) £ 



n_ e 2(x+t))n _ e 2(x-t)) 



( 2 e 2(x+ e _) (?e 2(, ; +C + ) 2) 



( e 2(x-£-),g e 2(x-£ + ) ;g 2^ 



It can be expressed as a very-well-poised eV'e-series, which in turn can be evaluated 
using Bailey's [2 (4.7)] summation formula, see [23l Exerc. 5.17]. It gives 



if(t;C+ ) C-)=cst(eS-+ t -e-S- t ) 



^ e 2(xo+i) )e 2(x -i) ) g2 e -2(xo+t) ) g2 e -2(xo-i).g2^ 



REFLECTION QUANTUM KZ EQUATIONS AND BETHE VECTORS 



15 



with est independent of t, from which the functional equation (|3.7p can be alterna- 
tively derived using the functional equation [x; q 2 )^ = (1 — x){q 2 x] q 2 ) . 

4. Properties of the reflection monodromy operators 

In this section we express the reflection S-operator B^ (x; t) in terms of the 
operators B(x;t) and D(x;t) and we single out its explicit dependence on a fixed 
rapidity t r . Applied to the pseudo- vacuum vector Q, it gives an explicit expression 

of Sklyanin's [40] reflection Bethe vector B^ (x; t)fi in terms of the usual Bethe 
vectors B^ M \x;t)fl and it gives its explicit dependence on t r . These results will 
play a crucial role in the proof of Theorem 13.21 (see Section [SJ . 

4.1. The £>-operators. By (|2 . 1 5[) we have for w £ Sn, 

[B w (x\ t), B w (y; t)] = = [D w (x; t), D w (y; t)], 

and for y = (yi,...,y M ), 

^(*;t)B£ M) (y;t) = (fl h -^^)B^\y-,t)A w { X] t) 

M 



^b(yj-x)\j>J- b(yi-yj) 
(4.1) J ^ 

M 



D w (x;t)B^(y;t) = (jj \ * + v) W">(y; t) D w (x; 1) 



j 

M 



where yy.= (y x , ■ ■ y 3 - + i, . . and 

s£ M) (y; t) := B w ( yi ;t)B w (y 2 ; t) • • • B„,(j/ M ; t) 

(we use the convention that empty products are equal to one). The commutation 
relations (|4.1[) are instrumental for the derivation of the Bethe ansatz equations of 
the Heisenberg XXZ spin-i chain with quasi-periodic boundary conditions using 
the algebraic Bethe ansatz, see, e.g., [43]. 

Proposition 4.1. For M g Z>i and w £ Sn, 

(4.2) 

*"w>-E{ft«*-~-f>)( n b t:^ 

e i=l l<i<j<M v 11 331 



M M 

;- 1 , J 



iV'J 

{j\B w (-e lXl - |;t)) IjD.fe^ - |;t) 



wzi/i t/ie sum running over e = (ei, . . . , ejv/) G {±} 
Proof. By the crossing symmetry of the i?-matrix (|2.4I) we have 



Z4M) = (f[ h u X _ t tr \) )°o T ™>°( x - mtf^^Klixr^oi-x; t), 
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hence 

-b(Z + x+^)B w (x-^;t)D w (~x-^;t)y 
Commuting D w (y;t) and B w (x;t) using (|4.ip gives 
b(2x + r ] w (x-,t) = b^-x-^)b(2x + r ] )B w (-x-^ ] t)D w (x-^,t) 



(KZ + *+ +KZ-x- ^)b(ri))B w (x - ^;t)D w (-x - '± t). 

By the reflection crossing symmetry identity (|2.11| this simplifies to 

^)B w (~ex-^;t)D w (ex-^ 



Bi(x;t)= J2 €b(Z-ex-%)B w (-ex-%;t)D w (ex-%;t) 



ee{±} 

for the rij 

for M > 2, 



Write L&f^ for the right hand side of (|4.2I) . To prove the induction step we write 



8 B l x ;t) =o w (xi jtje^ (x 2 ,...,x M ;t), 

use the induction hypothesis, and commute B^ 1 (y;t) and D w (x;t) using (|4.1 
The resulting formula can be rewritten as 

M M 

4 M) -^ (M) (x;t) = ^^fc l (e)i?.(±x 1 - %;t)(HB a (-z jXj 2 ;t 



3=2 



M 

X 



(H-Dwfe^j - |;t))-D u ,(±a; l - |;t) 



3=2 



with the second sum running over e = (e2, . . . , ej— i, ej+i, • • • , cm) G {i}* 1 2 an d 
with coefficient 

fc i (e) = 6(r?)l 2^ £ i £ i ^ \ 



x Ul e ^ w 2 j ftfoaj.-ia*) J 11 6(6,3:,- + e r x r ) ' 

3 = 2 2<3<j'<M W J 3 3' 



By the reflection equation (see (I2.9p ) we conclude that fcj(e) = 0. Hence B^f (x;t) 
= -L^, as desired. □ 

4.2. The action of the S-operators on the pseudo vacuum vector Q. Write 
for w £ 5jv, 

-Roui(l)( a; -^(l))^0to(2)(a ; -ito(2)) • • • Row(N-l)(x—tw(N-l)) = I ft"! 'J n^^'j) 

VC^a^t) L) w \x\t) J 

as an operator on C 2 <g> V. Here the coefficients ^(x; t), . . . , D w (x; t) are operators 
on V which act trivially on the w(N)-th tensor leg of V and are independent of 
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tw(N)- Observe furthermore that 



T 

J- It; 



\C w (x;t) D w {x\t) J \C w ( N) {x;t w{N) ) D w{N) (x\t w{N) ) ) 



with A w ( N ){x\ i), . . . , D w ^ N )(x] t) the operators (|2.14p applied to the w(iV)-th tensor 
leg of V. The following lemma follows from [3H Lem. 2.3]. 

Lemma 4.2. For M £ 1>\, w £ Sn and x = (xx, . . . , xm), 

B£ M )(x;t)0= J2 ^(^(II B w{N) (xf,t wiN) ^(j[B w (x t ;t^n, 

JC{X,...,M} j€J c ieJ 

with 

(4.3) ^(x;t ): =(n J^'^L ) n 

and J c :— {1, . . . , Af } \ J (by convention we regard the empty set as a subset of 
{1, . . .,M}). 



Lemma 14.21 plays a crucial role in the construction of solutions of the Frenkcl- 
Reshetikhin-Smirnov quantum KZ equations in |34j . The following formula will 
play a similar role for the reflection quantum KZ equations (|3.1jl . 

Corollary 4.3. For M £ Z>i and w £ Sn we have 
(4.4) 

^ (M) (x;t)0= J2 J2 ^ J (x;t) 

ee{±} M JC{X,...,M} 

Yl B w(N)(-£jXj - |;*«,(jv))) (]Ji?«-(-e t a; l - 

jeJ c ie.J 

with 
(4.5) 

M N _ , ri \ 

jy';x:,:: ,,,, ^\[ hU ' 



A = A b(eiXi - t r + §) 



Proof. Combine Lemma 14.21 with Proposition 14.11 and (|2.12l) . □ 

5. Proof of Theorem T 



Let s r £ Sn be the simple neighbouring transposition r r + 1 (1 < r < AT). 
For 1 < r < N write 

6 r t . (tx i • • • i ^r— l j j ^r+lj • • * i ^n)- 
Lemma 5.1. For all w £ Sn and I < r < N, 

Rw{r+1) w(r) {tw(r+l) t"w(r) )^tr = T WSr (x, "t ) -Z?^ ^.j.^) iu(r) (^Kj(r+1) ^tu(r))) 

-Rtu(r+l)«j(r)(^M>(r + l) ~~ ^uj(r) )^4 (^i t) ~ ^ws r ( x '^)B w (r+l) w(r)(tw(r+l) ~ ^to(r))? 

^(^(^(l))^^;*) = w £( a; ; e «'(i) t )^f,(i)( < «'(i))- 
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Proof. The first equality follows from the Yang-Baxter equation f|2 . 3[) . the second 
follows immediately from the first, and the third equality follows from the reflection 
equation (|2.5I) . □ 

Fix G C. The reflection quantum KZ equations (|3.ip arc equivalent to 

(5.1) ^+(t r + I)F r (t;^)/(t) = G r (t)/(t+Te r ), r = l,...,N 

with the linear operators F r (t; £_) and G r (t) on V given by 

-Fr(t;£-) := -RjVr(% + ' ' ' -Rr+lr(^r+l + 

xi? r _i r (t r _i + t r ) ■ ■ • Ri r {ti + t r )K^- (t r ) 
xR r i(t r — t\) ■ ■ ■ R rr —\(t r — i, — i) 

and 

G r (t) := Rffr(tN — t r — t) ■ ■ ■ R r+ i r (t r + 1 — t r — t). 
Corollary 5.2. For 1 < r < N we have 

F r (t; (x; t) = ifi-..,^ (x; e r t)F r {t; £_), 

G r (t)U^ {x- 1 + re r ) = ul;... SN _ 1 (x; t + re r )G r (t). 

Proof. This follows by repeated application of Lemma 15.11 □ 
Corollary 5.3. For 1 < r < N, M £ Z>i and x = (xi, ■ ■ ■ , zm), 

p-rt-^ #'Wfv-ti - fTT b{Xl + * r + 2 )6(a: ' z tr z |) 

ri (x,tj - ^ + ^ _ _ ^ + ^ 

xBt: ( ^ ) _ 1 (x;e,.t)^(t;^), 
G r (t)B*" ' (M) (x; t + re r ) = B^L (x; t + re r )G r (t). 

Proo/. Set sl' (M) (x;t) := FJ^i B&(a*; t). Since F r (t;£_) and G r (t) are acting 
trivially on the auxiliary space, Corollary 15.21 implies 



F r (t; £_)B«-( M >(x; t) - Bt-.t^U (x; e r t)F r (t; £_), 
G r (t)B«-'^(x;t + re r ) = i?!"'.^ (x; t + re r )G r (t). 

Rewriting these relations in terms of B^ w gives the desired result. □ 

Let C( M ) C C M be a discrete subset and (x; t; £+, f_) (x € C( M )) a weight 
function depending meromorphically on t 6 C w . Provided mero- uniform conver- 
gence, 

/ M (t):= 53 u>( M )(x;t;^ + ,e_)S ? -' (M) (x;t)r! 
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solves the reflection quantum KZ equations (|5.1j) iff 



M 

£ «,W(x;t;^_)(n 



6(a; i +t r . + f)6(ar i -t r -U) 



™ (M) (x; t + re r ; £+, e-^'-VL (*i t + re r )Q 



for r = 1, . . . , N in view of Corollary 15.31 Substitute f|4.4[) and use that 

B Sr s r+1 ---s N _ 1 {%; & r x) = B SrSr+1 ... Slv _ 1 (x'i t) = B SrSr+1 ... S]v _ 1 (x; t -+- Te r ) 

since s r s r +i • • • Sn—i(N) — r and since B w (x; t) is independent of t w my It leads 
to the following result. 



Lemma 5.4. Provided mero-uniform convergence, 



/ M (t):= £ ^ M )(x;t;£ + ,£_)S*-' W (x;t)fi 

x€C< M > 



satisfies the reflection quantum KZ equations (|5.1|) i/f 
(5.2) 

£ - w (x;t,i + , { -)(n + _ j*» : ; fy y&A.^ 

x.e.J i=l v A' i' 

x X«+(i r + I) (J] B r (-e^ - |;-i r )) (nB^^i-eiH - |;t))ft 

equals 

J2 ™ {M) (x; t + re. r ; lyf"!^ <x: t + re r ) 

(5.3) X ' e ' J 

x (JJ B r (-c i a; J -2 ; t P + T))(jJS, r ... w _ 1 (-e i z i -2;t))fi 

jeJ" ieJ 

for r = 1,... , AT , where the summations are over x e C( M ', e G {±} M and over 
subsets J C {1, . . . , M}. 

Remark 5.5. In the current spin-A setup we have B r (x;t)B r (y;t') = as linear 
operators on V, cf. (|2.14p . Hence the sum over subsets J of {1, ... , M} in both 
(|5.2j) and (|5 .3[) only gives a nonzero contribution if #J = M or #J = M— 1. 

5.1. Highest weight contribution. We consider in this subsection the contri- 
butions to ([O]) and HO} for J = {1, ... , M}, which we denote by £j"°(t; £+, £_) 
and ^'"(t; £+, £_) respectively. Since i4Tr + (£)^ = and Jl"r + (a;) commutes with 
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B Sr ... SN _ 1 (y;t), we obtain by straightforward computations, 
£^(t;£ + ,£_H]>>( M >(x;t; 

x.e 



M N ul j. r>\ 



X 

i=l 



M 



l<i<j<M 3 3 J l=1 



and 

M 



2—1 V ' 



X 



(n( e ^--w-|)n 



,_j - , = 1 & ( e i^t - + f) 

n ..„-.(-«-§;t))a 

l<i<j<M °l £ »^ + e J 2: ^ / \ =1 -S / 

Lemma 5.6. Suppose that 

N M 

(x; t;f +1 M=(Hn *X*r ± a*)) (x) 



r— 1 «— 1 



with _ (x) independent oft. If 



b{x 



T — 



IT 



t/ien 7 provided mero-uniform convergence, 

(5.4) 4™ (t;£+,£-)=7^(t; £+,£_) 
/or r = 1, . . . , JV. 

Proof. The summands of £ h r w (t ; , £_ ) and ftj™ (t ; £+ , ) are the same except for 
the first line, which is also the only part depending on t r . Hence (|5 .4[) is valid if for 
all x G C (M) and all e G {±} M , 

(5.5) ^W(x;t + re r ;C + ^_) = (n ^i^^ )^W(x;t;^,C-). 

The result now follows by a direct computation. □ 
5.2. The remaining term. We assume that 

/ M (t)= » (M) (x;t^+,e-)I ? "' (M) (x;t)n 

x£x +rZ M 
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with the sum converging mero-uniformly in t 6 C N and with weight function of 
the form 

N M 

(5.6) » w (x;t;e + ,e-)=(nnJ 7 (Uii))G{ + ,£.W 
with Gj + 1 j_ (x) independent of t and with F satisfying 

(5.7) F(i + t) = >£±L^. F{i) . 

Since the £± are fixed throughout this subsection, we will suppress £± from the 
notations; in particular, we write u/ M )(x;t) for itA*^ (x; t; £+, £_). 

By Lemma I5T61 Lemma IST41 and Remark [531 Jm (t) satisfies the reflection quan- 
tum KZ equations ()3.1j) if ()5.2j) equals ()5.3j) with the sum over J running over 
subsets of {1, . . . , M} of cardinality M — 1. This is satisfied if for 1 < j < M and 
1 < r < N, 

(5.8) 



■¥r b{x i +U + %)b(x i -t r -2) \ ; u: . 

1 l\b( Xi + t r 2)6(x, -t r + dJ^-^- 1 ^ x ' e '' tj 



equals 
(5.9) 

E E ^Hx;t + ^ yfc! . fc ,„ )Uj)(x;t + Ter) 



for fixed 



e J i e U •••■> e j-i) e i+ij • • • i £ m) € {±} M 1 , 



fixed tp := (ii, . . . , t r -\,t r+ i, . . . ,tj^) (generic) and fixed 

€ (2:0,1 j • • • ,a;o,j_i,xo,j + i, . • . , Xo.at) + rZ M_1 , 

where we write xj := (a;i, . . . , Xj-\, 2:^+1, . . . , xm)- Note that this relies on the 
specific form of the if-matrix, in particular we have used the fact that 

**(*)e_ = j§^e_. 

b(£ + x) 

The expressions Ii >r (t r ) and Ji, r (t r ) for M = 1 should be compared with the left 
and right hand side of (|3.12[) respectively. 

We fix now r £ {1, . . . , N} and j e {1, . . . , M}, as well as ey, generic t? and 
xy. When writing w^ M ^(x;t) we view it as function of (xj,t r ), with the remaining 
coordinates being xy and tf. 
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Substituting (|4.5[) and (|4.3|) and using ()5.5|) we get after straightforward simpli- 
fications of the summands that 



HZ+ - U ~ V) 



IjAU) b ^^ + i)^ ±}xje ^ +TZ Ku-e jXj -^y 

£.,toA,(x) 



with the ^-independent factor 



m/ r (x):=fe(e--e,x J -^)(|} 



6(i s - ejXj - §) 

x (T\ b ^ 3Xj ±Xi+r l^ \( TT + <h>xv_ +v) \ 

\H b(ejX4±Xi) J\ b(eiXi + eiiXi') J 

i = l l<i<i'<M 

n/' i/t *?\ TT ' * — * 2/ 

^(^-^-2^ 6(^-^-1) . 

We now resolve the summation over ej G {±} for both Ij >r (t r ) and Jj r {t r ) using 
the reflection crossing symmetry identity (I2.11[) . For this we need the full ansatz 
on the weight function «/ M )(x;t) as stated in Theorem l3.2l so the weight function 
W ( M ) (x; t) is assumed to be of the form (|5.6I) with F satisfying (|5.7[) and with 

M 

G ?+:«-( x ) ; = (n^+.e-^)) n ^i±»»') 

8=1 \<i<i'<M 

where g^ + ^_ and /i are satisfying the functional equations as stated in Theorem 
13.21 It implies that Gf, £_(x) satisfies 

r , , b(Z-+x j -Z)b(Z + +x j -$-Z) 

W +) ^_lx r 3) b ^__ Xj+T _^ M+ _ x . + r_^ 

(5 - 10) /fi b^^^-^zfc^-^ N 

Ul &(xj- ± ^ - t + ?7)6(^ ± Xi)) [ 



Write 



U(x;t) 



6(g++x-f -f)oft + :c + f) 
o(£+-x+§ - -a; + T+§)" 



Then 



(5.11) 



E g , <(x) ,r (M) (x;t) = e "v^)^-^-;) w (M )(x;t) 

^ b(-t r -T-Xj - f) ^ 6(-f r -T + aJj - ^) 

with the sums over lEj G £o,j + tZ by replacing the summation variable Xj in the 
left hand sides of (|5.11|) by Xj — r and using the properties (|5.6j) . (|5.7|) and f|5.10[> 
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for the weight function u/ M )(x; t). It follows from (|5.11|) that 

b{tr _ ^ _ 2) W (X ' t} " ^ 6(*r (X ' tj ' 

e 3 -m^ r (x) . . „mJ r (x)V'(a: i ;-t r -T) (M) 

z^z^t^ in w x;t =2^~^ 7 WT W x '* 

^~ *r-T-ej ;Xj- |) ^ 6(-tr - T + Xj - §) 

with 

, s , x b{^++t+^)b{2x-r) 
5.12 V (as; t := U(x; t - 1 = — T ^ ; 

where we have used the reflection crossing symmetry identity (12. lip for the last 
equality of (|5.12[) . Since 

6fj+-t-§) V(x;t) - t - i)b(2x - t) 

6(£+ + 1 + |) b(t + x - |) - a: + f - \ )b(t +x- 2)6(t - a: + r + 2) 

V(x;-*-t) 



6(-t-T + a-2) 



it follows that 



J ' rW '6(e + +*r + 5)^ 6(*r+*J-f) ( ' } 

This completes the proof of Theorem 



6. Conclusions 
Here we outline some open problems and some work in progress. 

In this paper we obtained solutions to reflection qKZ equations in terms of bi- 
lateral series. The domain of convergence depends on the boundary parameters £±. 
These formulae are expected to transform into integral solutions which are similar 
to the r = case (see Section [7]). This is a work in progress. 

In this paper we studied the reflection qKZ equations for the i?-matrices cor- 
responding to 2-dimensional irreducible representations of U q {sl2) (the six-vertex 
model in statistical mechanics) with diagonal reflection matrices. The general solu- 
tion to the reflection equation for the six-vertex model is not diagonal. The Bcthc 
ansatz for non-diagonal reflection matrices involves a " gauge transformation" sim- 
ilar to the eight-vertex model, see [2U] and references from this paper. We expect 
that for the non-diagonal case the formulae for solutions will have a similar struc- 
ture as here, but the off-shell Bethe vectors will be more involved. 

Integral formulae for solutions to the KZ equations can be derived as matrix ele- 
ments of vertex operators realized in a Heisenberg algebra, see for example [TH1 Q2] ■ 
In a similar way one can obtain integral formulae for solutions to the reflection qKZ 
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equations 25, 26, 46 . It involves bosonization and reflection boundary states. Our 
solutions can be obtained in a similar way and such derivation also lead to solutions 
expressed as integrals (not Jackson integrals) of Bethe vectors (for details of such 
presentations when q = 1 see [39]). This is a work in progress. 

When the level r is an integer or a rational multiple of r\ and the boundary pa- 
rameters £± assume special values the reflection qKZ equations has a special class 
of "rational" solutions. In the limit 77 — >• they correspond to solutions of the re- 
flection KZ equation with rational singularities at branching points. A very special 
case of such solutions which is polynomial was found in |15j . Solutions describing 
correlation functions in the six-vertex model with reflecting boundary conditions 
[25] are also from this "rational" class. 

The reflection qKZ equation for elliptic i?-matrices describes correlation func- 
tions in the eight- vertex model and in other solvable models of statistical mechanics 
with elliptic parametrization of Boltzmann weights. It is natural to expect that in- 
tegral formulae for solutions will involve a version of Bethe vectors constructed in 
P2] and in [20]. 

The formulae for solutions to the reflection qKZ equations obtained in this pa- 
per generalize to the higher spin representations of U q (sl2) and to highest weight 
representations of this algebra. The paper is in progress. 

Solutions to the qKZ equation with i?-matrices of t/ g (s[„)-type were constructed, 
using off-shell Bethe vectors in |44] . However for other quantum affine Lie algebras 
this has not been done yet. Such a project should be relatively straightforward for 
classical Lie algebras where Bethe vectors were constructed in [35] [36] . It would be 
also nice to do it for dynamical i?-matrices (SOS systems of Boltzmann weights in 
the language of statistical mechanics). 

The limit t — > is similar to the WKB-type limit for KZ and qKZ equa- 
tions of type A, see [37] [44]. In this limit the leading contribution to the solution 
comes from critical points of the integrand and the solution has the asymptotics 
exjp(^r)(ip + O(t)) as t 4 0. Here ip is an eigenvector of the reflection transfer 
matrix corresponding to a solution of the Bethe equations (equations for critical 
points of the integrand, or in other words, Yang- Yang action when r — ¥ 0), and S is 
the Yang- Yang action evaluated at this solution. A paper with a detailed discussion 
of this subject is in progress. 



7. Appendix. Solutions of the classical reflection KZ equations 

In this appendix we take the limit 77, t, £± — > of the reflection qKZ equations 
in such a way that k :— r/rj and S± := £±/?7 are constant. We obtain classical 
reflection KZ equations. We construct integral solutions of the classical reflection 
KZ equations. 

7.1. The reflection KZ equations. Define linear operators r(x) and k 5 (x) acting 
on C 2 (g) C 2 and C 2 , respectively as the first order terms in the asymptotics of the 
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J?-and if-matrix as 77 — > 0, 

R{x;ri) = l + nr{x) +0{rf) and iT^x) = cr 2 + t]k s {x) + 0{rf), 77 ^ 0, 

where a z = (0 The matrices r(x) and ^(x) have the interpretation of the 

classical counterparts of R(x;rf) and K^(x), respectively; it follows that 

/0 0\ 



r(x) 








_&'(*) 

6(a) 




b'(0) 

&(*) 







0/ 



and k s (x)=25 



b'(x) 
b(x)' 



whcr 



(7.1) 



a?(t) = -K?(t r ) + 2^e rs (t r ,t s ), 



It is easy to see that the transport operator A r (t; £ + , r) (see p.2[l ) featuring 
in the reflection qKZ equations p.l[) has the asymptotic expansion 

A r (t;r]S + ,r]S^r]k) = 1 + 77a* (t) + O^ 2 ), 77 -> 0, 

where A = <5 + + i5_ and a^(t) (independent of fc) is given by 



(7.2) 



r(x - y) 4 


-(a* 


(g) l)r(x 


+ y)(<? 


2 ® 




r° 








°\ 


2b' (x) 





-6(x) 


%) 





b(x ± 77) 





6(1/) 


-6(1) 















0/ 



Note that 0(x, y) is P-symmetric and that d y O(x, y) is symmetric in x and y 7 since 



<9,,e(x, y) 



26 / (a:)y(y) 

b{x± v y 













-26(a?)6(y) fe(a;) 2 + 6(y) 2 
6(x) 2 + %) 2 -2b{x)b{y) 
\0 

by U22J) and 

(7.3) (2/) + 6'(a:)6(l/) = &'(0)&(* + y), 

which is a direct consequence of (|2.2I) . 

In the formal limit 77 — >• the reflection quantum KZ equations (13.11) turn into 
the (classical) reflection KZ equations 



(7.4) 



*K/ci)(t) = a?(t)/ c i(t), 



1, 



,iV 



for (C 2 ) ^-valued local smooth functions f c i in N variables, where dt := Jj. The 
equations f|7.4[) are the KZ equations for the Wess-Zumino-Wittcn conformal field 
theory with conformal boundary conditions and boundary operator at t — 0, cf., 
e.g., 0. 

The integrability of the reflection quantum KZ equations implies that (|7.4[) for 
k G C x define a flat connection, i.e. 

[a*(t),a*(t)]=0, 

(ft r af)(t) = (ft.a^)(t) 

for 1 < r, s < JV. In fact, the first line of (|7.5p follows from comparing the 0(r) 2 )- 
terms of the consistency equations p.3[) of the transport matrices for (£ + , £_ , r) = 
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{j]8+,ri5-, 0) as ?y — > 0, while the second line of (|7.5|) is equivalent to the symmetry 
of d y Q(x,y) in x and y. The flatness of (|7.4j) can also be checked using classical 
Yang-Baxter and reflection equations. 

7.2. Integral solutions to the reflection KZ equations. We formulate the 
main result of this appendix in this subsection, which is a description of explicit 
integral solutions of the classical reflection KZ equation (|7.4|) . These are the for- 
mal classical limits of the bilateral series solutions of the associated quantum KZ 
equations (see Theorem 13.21) . 

To simplify the presentation we take b{x) to be b(x) = x (case XXX) or b(x) = 
sinh(a;) (XXZ), and we will fix branch cut £ + c C for the associated multi- valued 
function b(x) c (c € C \ Z) to be 



U ■= 



R<o if b(x) — x, 

(M< + 2ZttV^T) U (R>q + (2Z + 1)ttV^T) if b(x) = smh(x) 



In the remained of the appendix we take b{x) c to be the univalued function e L ° s ^ x ^ c 
oniGC \ £+ , with Log the principal logarithm. Write 



C 



if b(x) = x, 
TZ if b(x) = sinh(a;) 



for the extension of the cut £ + . The results described below easily extend to the 
rescaled versions of b(x) and to other choices of branch cuts. 

To formulate the main result of the appendix we need to construct the classi- 
cal analogues of the off-shell Bethe vectors B^~'^ M ' (x;t)f2 first. Define the linear 
operator 

on (C 2 )^. Since [0(x;t), 0(y;i)} = we can write for M > 1, 

M 

/3( M )(x;t) :=J]/3(x i; t). 

i=l 

Since (cr ) 2 = we have the explicit expression 

where m = {irii}fL 1 runs through the set Vff of subsets of {I, ... , N} of cardinality 
M and a m = Y[f =1 a~. . The ^ (x; t)fi are the classical analogues of the off-shell 
Bethe vectors, in the sense that 

M 



B" 5 -' (M) (x;t) = ^(nK-^))^ (M) (x;t)+0(^+ 1 ), r,^ 

i=l 

no 

9A,d(z) := 6(x)*( 1 - A )- 1 , /i cl (z) := b(x)i, F cl (x) := 6(x)- 
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They satisfy the differential equations 

9A,ci{ x ) K x ) hd(x) b(x) F c \{x) b{x) 

which are the formal classical analogues as r] — > of the difference equations with 
step size r = r/k satisfied by the functions g Tj s + ,7j8_, h and F occurring as factors 
in the weight function of the bilateral series solutions of the reflection quantum KZ 
equation (see Theorem I3.2|) . Set 

M N 

(x; t; A) := G A , cl (x) J[ J[ F cl (t r ± x t ), 

i—l r—1 

M 

Ga,ci(x) := ( Y[ b(xi)gA,d(xi)j JJ h c \{xi±Xj). 

i=l l<i<j<M 

Theorem 7.1. Let k £ C x and A G C with K(Jfe) < and - A - N)/k) < \. 
Fix Xo G C M suc/i t/ia£ xo.i, £o,i ± £j,o ^ £ /or f < i ^ j < M . Then 

/M.d(t) := / wf ] (x; t; A)/3< M ) (x; t)fi d M x 

Jx +R M 

defines an analytic (C 2 )® N -valued function on the domain 

(7.8) {t G | tr i ±x ,i + C Vr,i} 

satisfying the reflection KZ equations (|7.4j) . 

It is easy to check that /M,ci(t) is well defined and analytic on the domain 
(|7.8p using the explicit expression (|7.6I) for the off-shell Bethe vector (note that 
\fj{x + s;t)\ = <D(s- 2 ) as s -> ±oo if 6(x) = x, while |/3(x + s;t)| = C(s _1 ) as 
s — > ±oo if b(x) = sinh(a;)). Formally /M,el(t) is obtained from the bilateral series 
solution /A/(t) of the reflection quantum KZ equations (see Theorem l3.2l) by taking 
the limit 77 — ^ 0. 

7.3. Proof of Theorem IT~H It suffices to show that / M ,ci(t) satisfies ([T3|) . The 
proof for general M deviates from the proof in the quantum case because the 
classical analogue of Corollarv l5.3l is not available. Instead we will use the fact that 
an explicit expression of the off-shell Bethe vector (3( M \x;t)fl as an explicit linear 
combination of the (m G Vff) is available, cf. (|7.6I) . We divide the proof in 
several steps. 

Lemma 7.2. For r = 1, . . . , N and i = 1, . . . , M we have 

/; ft rW ^(x;t;A) ^ 
^f f) (x;t;A) 

/; ^^f } (x;t;A) =2 b'{ Xi ) (, A , ^ b{ Xl f ^ b{x t ) 




;<f°(x;t;A) b{ x i)\ j^.b{x i ±x j ) ^b(x l ±t s 
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Proof. From (|7.3p and (|7.7|) it follows that F c \ and Ga.cI satisfy 

d t (F cl (t±x)) _ 2b{t)b'{t) d x (F c i(t±x)) _ 2b{x)b'{x) 

F cl {t±x) ~ b(x±t) ' F ci (t±x) ~ b(x±t) ' 

. d Xi G AM (x) _ n b'( Xi ) ( A | oV b ( x i) 2 \ 

G A , cl (x) b{xi)\ t£ b ( Xi±Xj) )' 

from which the stated equations readily follow. □ 

For r = 1, . . . , N, introduce the set 

V»(r) :={meP£|rem}. 

For m € V^j(r) we write /i(m, r) for the index h £ {1, . . . , M} such that irih = r. 
If r is fixed and clear from context, we simply write /i(m). 

Lemma 7.3. For r = 1, . . . , N, we have 



with 



W) = ^ E / W f ) (x;t;A) a W(x;t;A) ( T m f7d M x 

/ A/ ,// s, /, \\ / AT 



* K x w(i) ±*m 4 ) / \ft K^j ±*r) 



ifm£Vff\V$f{r) and 



1 b'(x w (i))b(t mi )\ J A , 



+2 ^(^(/t(m))) 2 _ ^(^Mi(/i(m))) 2 



j#tu(/i(m)) 

ifm € Vff(r), where h(m) — h(m,r). 
Proof. In 

flt r /w,d(t)= / (9 4r ^ /) (x;t;A))/3(x;t)M M x 

+ / ^f ) (x;t;A)9 ti ./3(x;t)M M x 

the partial derivative occurring in the integrand of the first integral can be resolved 
using Lemma 17.21 To resolve the second partial derivative we use 

(which follows from $TS> and (f773|l) to rewrite <9 tr /3 (M) (x; t) as 



9 M q f b( x w(h( m )))b'(t r ) y^r b'(x w ^)b(t mi ) 

2^ 2^ ^t»W) Uf a ... (t ,_»Wt.ul' 



)))K*r) ^ b(a; w (i) ±t m «) 



and subsequently use partial integration and Lemma 17.21 It results in the desired 
formula for kdt T f m ,c\{t) ■ □ 
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The next lemma deals with the other side of the classical reflection KZ equations. 
Lemma 7.4. For r = l,...,N we have 

{ r> me?" 

with 



ifmeVfi \7>#(r) and 



' V (x w{l) )b(t mi )\ / ^ &(^(h(m))) 2 



if m £ Vjf{r), where h(m) — h(m,r). 



w£Sm \i- 



Proof. Let s ^ r. From (|7.2[) it follows that 



e rs (t r ,t s )a-n = ™ - K*r)o-r ) n 



and hence by virtue of (12.21) that 

8 rs (^,^)^-; — — - — 'V )^ 



6(*r) &(*.) \„ = 2b'(t r )(-b(x) 2 a- + b(* r )6(t> a -)n 

&(a;±i r ) ''" b(x±t s ) <Ts ) b(x±t r )b(x±t s ) 



Since 0(x, j/)e± ® e± = wc conclude that Q rs (t r , t s )j3^ M ^ (x; t)fl equals 

/At \ C /M-l 



2 M ^'w n & 'w e E n 



c ' JV 

r.s^m 



^ b(a; w (i) ± tmj y 

(b(t r )b(t s )aj - b(x u ,(M)) 2 Q-~)cr m ^ 
b( x w{M) ± U)b{x w (M) ± ^) 

2 M +1 6'ft r ) I / ^'(^fflM^A &(^) 2 



w€S M i m ep$< (s) 



V"^ / TT ^(i))Ktmi) | fe(x m (fe( m , r ))) 2 _ 
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Writing m c := {1, . . . , N} \ m for m C {1, . . . , N} we obtain 

£ e rs (t r , t.)pw (x ; t)n = 2 ^?? r) 



ST ) ST ( TT ^' { x w{i))b{t mi ) \ ( ^4 b{t r ) 2 \ _ 

(7 - 9) .k .k. IU ± w J [h J am 



' J &'(^(i))6(*mj \ / V"^ &0«>(/i(m,r))) 2 



me ^ (r) Vf=i Ka«W±W; [ s h 6(Mh(-.r))±t.)J a,n " 
Also, since (7<t~ = cr~ and ovf2 = 0, we readily obtain 

^(af«;(i))&(*m<) 



■^(x;t) n = -^ £ E ffi 

V r; ioGSm mePj'(r) \i=l 



v ; ^ ±t mi ) 



Adding this to (|7.9[) we obtain the lemma. □ 
Proof o/ Thm. [O} Note that d t J M ,o\{t) = a£(t)f M ,d(t) if and only if 

/ »f ) (x;t;A)aW(x;t;A) ( i M x= / w ( f } (x; t; A) 7 £>(x; t; A)d M x 

for all m e "P^- It thus sufhces to show that 

a«(x;t;A)= 7 W(x;t;A) 

for all m £ Vjf. This is trivial if r £ m. 

Fix for the remainder of the proof m £ (r) and write h = h(m,r). Then 
Lemma 17.31 and Lemma 17.41 yield 

w ^ ^^(x;t ; A)- 7 ^(x;t;A) 



y [TT I \ J1 + 2V b ( x Mh)) 2 



By (|2.2p we have 6(?/) 2 — o(a;) 2 = b(y ± x), which can be used to write 



1 \ r b{tr) 2 



H x w(h)) 2 , 2 &(^«,(h)) 2 



b(x w ( h )±t mi ) b{x w{h) ±x w{i) ) 
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Similarly we have 

b{ Xj ) 2 b{t) 2 _ b{xi) 2 b{x ±t) 



+ 



b{xj ± Xi) b(xi ± t) b(xj ± Xi)b(xi ± t) ' 
b{ Xj ) 2 b{ Xj ) 2 b(xj) 2 b(xi±t) 



b(xj ± Xi) b(xj ± t) b(xj ± Xi)b(xj ± i) ' 

which leads to 

*;t) = EEffl 



1 b(x w{j) ±t mj ) J b(x w{h) ± x w{i) ) 
3±h,i 



For fixed z ^ ft, the w-term of the inner sum is cancelled by the u>(7i-term, where 
(Ti G Sm is the transposition i o ft. Hence Wm\x;t) = 0, as desired. □ 
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